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Abstract
We prove the uniqueness of the two association schemes which appear in recent work of Henry Cohn and
others in connection with their study of universally optimal spherical codes in Euclidean spaces: one is the
class 4 association scheme with 40 vertices in R10 and the other one is the class 3 association scheme with
64 vertices in R14. We prove the uniqueness mainly by geometric considerations with some computational
help.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
Let X be a spherical code, i.e., nonempty finite subset in the unit sphere Sn−1 ⊂ Rn .
According to [7,8] we say that X is universally optimal, if for any completely monotonic function
f : (0, 4] −→ R (i.e., f is C∞ and (−1)k f (k) ≥ 0 for all k), the set X minimizes the potential
energy function in terms of Euclidean distance:∑
x,y∈X,x 6=y
f (‖x − y‖2),
among all spherical codes of the same size as X . Equivalently, for all absolutely monotonic
α : [−1, 1) −→ R (i.e., α is C∞ and α(k) ≥ 0, for all k), the set X minimizes the potential
energy function in terms of Euclidean inner product:∑
x,y∈X,x 6=y
α(〈x, y〉)
among all spherical codes of the same size as X . (Note that these two functions are related by
α(t) = f (2− 2t).) A universally optimal set X is an optimal code, i.e., the minimum distance of
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the set X is maximum among the finite subset (of Sn−1) of the same size, as it is seen if we take
f (r) = 1/r s with s →∞.
As is mentioned in Cohn [7], Ballinger, Cohn, Giansiracusa and Morris [1] (2005)
systematically searched for examples of universally optimal sets of small sizes, and found the
two candidates, i.e.,
(1) 40 points in R10, and
(2) 64 points in R14.
(It seems that whether these two sets are actually universally optimal or not, or even optimal
or not, is still open.) These two sets of points in (1) and (2) form association schemes of class 4
and class 3 respectively, as to be more specified in what follows. The reader is referred to [2,4,6,
11] for the basic information on association schemes and their embeddings into the spheres of the
Euclidean space. Cohn [7] asks whether these two association schemes are unique, i.e., whether
there is only one such association scheme (up to isomorphism of association schemes) with the
same parameters (i.e., intersection numbers pki, j ) for each of them. The purpose of this paper
is to give affirmative answers to this problem. Namely, our main results are Theorems 2.1 and
3.1 which are proved in Sections 2 and 3 respectively. The basic strategy of the proof of these
uniqueness results is as follows. Let (X, {Ri }0≤i≤d) be any association scheme with the same
parameters as one of the association schemes in (1) and (2). Then X is embedded in the unit
sphere inR10 andR14, respectively. We consider the corresponding Grammatrix, and show that it
is unique up to orthogonal transformations, which in turn proves the uniqueness of the association
scheme. Here we use some geometric considerations, which is similar in philosophy with the
method used in Bannai and Sloane [5]. Technically, we used a computer for some calculations,
which will be specified later.
2. Uniqueness of the class 4 association scheme of 40 points in R10
The 40 points association scheme of class 4 in R10, which is a candidate for a universally
optimal code in R10, is described explicitly in Cohn [7]. Namely, its relation matrix is given by
the matrix of size 40 by 40 as in Box I. This is an imprimitive association scheme with two
kinds of blocks (system of imprimitivities) of size 4 and size 8. Let A0, A1, A2, A3, A4 be the
corresponding adjacency matrices. Then they satisfy the following equations.
A21 = 3A0 + 2A1, A22 = 4A0 + 4A1, A23 = 8A0 + 2A2 + 2A4,
A24 = 24A0 + 16A1 + 18A2 + 12A3 + 14A4, A1A2 = 3A2, A1A3 = A4,
A1A4 = 3A3 + 2A4, A2A3 = A3 + A4, A2A4 = 3A3 + 3A4,
A3A4 = 8A1 + 6A2 + 6A3 + 4A4
from which we can read off the parameters (intersection numbers) pki, j which are defined by
Ai A j =∑k pki, j Ak . This also gives a proof that these 40 point sets form an association scheme.
The first and second eigenmatrices are given by
P =

1 3 4 8 24
1 −1 0 −4 4
1 −1 0 2 −2
1 3 4 −2 −6
1 3 −4 0 0
 , Q =

1 10 20 4 5
1 −10
3
−20
3
4 5
1 0 0 4 −5
1 −5 5 −1 0
1
5
3
−5
3
−1 0
 .
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R =
4∑
i=1
i Ai =

01112222 34443444 34443444 34443444 34443444
10112222 43444344 43444344 43444344 43444344
11012222 44344434 44344434 44344434 44344434
11102222 44434443 44434443 44434443 44434443
22220111 44434443 44344434 43444344 34443444
22221011 34443444 43444344 44344434 44434443
22221101 43444344 34443444 44434443 44344434
22221110 44344434 44434443 34443444 43444344
34444344 01112222 44344443 44434344 44344344
43444434 10112222 44434434 34444434 34444443
44344443 11012222 43443444 43444443 44433444
44433444 11102222 34444344 44343444 43444434
34444344 22220111 44434434 43444443 43444434
43444434 22221011 44344443 44343444 44433444
44344443 22221101 34444344 44434344 34444443
44433444 22221110 43443444 34444434 44344344
34444434 44434434 01112222 43444434 44434344
43444344 44344443 10112222 44433444 34444434
44343444 34444344 11012222 34444443 43444443
44434443 43443444 11102222 44344344 44343444
34444434 44344443 22220111 44344344 43444443
43444344 44434434 22221011 34444443 44343444
44343444 43443444 22221101 44433444 44434344
44434443 34444344 22221110 43444434 34444434
34444443 43444443 44344344 01112222 44434434
43443444 44343444 34444443 10112222 44344443
44344344 44434344 44433444 11012222 34444344
44434434 34444434 43444434 11102222 43443444
34444443 44434344 43444434 22220111 44344443
43443444 34444434 44433444 22221011 44434434
44344344 43444443 34444443 22221101 43443444
44434434 44343444 44344344 22221110 34444344
34443444 43444434 43444443 44344443 01112222
43444443 44433444 44343444 44434434 10112222
44344434 34444443 44434344 43443444 11012222
44434344 44344344 34444434 34444344 11102222
34443444 44344344 44434344 44434434 22220111
43444443 34444443 34444434 44344443 22221011
44344434 44433444 43444443 34444344 22221101
44434344 43444434 44343444 43443444 22221110

.
Box I.
The purpose of this section is to prove the following:
Theorem 2.1. The 40 point class 4 association scheme in R10 described above is unique. (That
is, uniquely characterized by the parameters.)
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Let X be an association scheme with the same parameters as those of the association scheme
described above, due to Ballinger, Cohn, Giansiracusa andMorris. We represent the 40 vertices of
X as v1 to v40 in S9 ⊂ R10. Note that the ordered pair (vi , v j ) of elements of X are in the relation
Rk (with 0 ≤ k ≤ 4) if and only if the Euclidean inner product 〈vi , v j 〉 = 1,− 13 , 0,− 12 , 16 ,
respectively. We denote a = − 12 , b = 16 , c = − 13 in what follows where 0 and 1 remain
themselves. The main idea of the proof of Theorem 2.1 is as follows. If we denote the Gram
matrix G = [〈vi , v j 〉] with 1 ≤ i ≤ 40, 1 ≤ j ≤ 40, then the Gram matrix G is determined
uniquely up to orthogonal transformations in R10.
Since the imprimitivity of an association scheme is determined by the parameters pki, j of the
association scheme only (see [4]), without loss of generality, we may assume that Gram matrix
G of the association scheme is given as follows,
G =
G1,1 · · · G1,10... . . . ...
G10,1 · · · G10,10

where Gi, j , (1 ≤ i, j ≤ 10) are matrices of size 4× 4. The diagonal 10 blocks satisfy
Gi,i =

1 c c c
c 1 c c
c c 1 c
c c c 1
 (1 ≤ i ≤ 10)
and Gi,i+1,Gi+1,i , (i = 1, 3, 5, 7, 9) are the 0 matrices of size 4× 4. Also, it is easy to see that
we may reorder the vectors in such a way that
G1,3 = G2,3 =

a b b b
b a b b
b b a b
b b b a

holds. Here, note that G1,i (3 ≤ i ≤ 10), as well as G2,i (3 ≤ i ≤ 10), must be permutation
matrices, since the parameter p13,3 = 0, and R3 is of valency 8. Now the first 12 × 12 block of
the Gram matrix is of the following form:
G1,1 G1,2 G1,3G2,1 G2,2 G2,3
G3,1 G3,2 G3,3
 =

1 c c c 0 0 0 0 a b b b
c 1 c c 0 0 0 0 b a b b
c c 1 c 0 0 0 0 b b a b
c c c 1 0 0 0 0 b b b a
0 0 0 0 1 c c c a b b b
0 0 0 0 c 1 c c b a b b
0 0 0 0 c c 1 c b b a b
0 0 0 0 c c c 1 b b b a
a b b b a b b b 1 c c c
b a b b b a b b c 1 c c
b b a b b b a b c c 1 c
b b b a b b b a c c c 1

.
Next, we want to study the remaining entries of the Gram matrix. Since the rank of the above
12× 12 matrix is 9, we can construct the first 12 points v1, . . . , v12 in R9 ⊂ R10.
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We now see that since the inner product of any distinct 2 points in {v1, . . . , v4} and any
distinct 2 points in {v5, . . . , v8} are− 13 , {v1, . . . , v4}, and {v5, . . . , v8} are isometric to the regular
tetrahedron on S2 ⊂ R3. Also since 〈vi , v j 〉 = 0 for any 1 ≤ i ≤ 4, 5 ≤ j ≤ 8, up to an
orthogonal transformation, we may assume
v1 =
(√
3
3
,
√
3
3
,
√
3
3
, 0, 0, 0, 0, 0, 0, 0
)
v2 =
(
−
√
3
3
,−
√
3
3
,
√
3
3
, 0, 0, 0, 0, 0, 0, 0
)
v3 =
(
−
√
3
3
,
√
3
3
,−
√
3
3
, 0, 0, 0, 0, 0, 0, 0
)
v4 =
(√
3
3
,−
√
3
3
,−
√
3
3
, 0, 0, 0, 0, 0, 0, 0
)
v5 =
(
0, 0, 0,
√
3
3
,
√
3
3
,
√
3
3
, 0, 0, 0, 0
)
v6 =
(
0, 0, 0,−
√
3
3
,−
√
3
3
,
√
3
3
, 0, 0, 0, 0
)
v7 =
(
0, 0, 0,−
√
3
3
,
√
3
3
,−
√
3
3
, 0, 0, 0, 0
)
v8 =
(
0, 0, 0,
√
3
3
,−
√
3
3
,−
√
3
3
, 0, 0, 0, 0
)
.
Then, up to an orthogonal transformation, we may assume that the vectors v9, v10, v11, v12 are
represented by
v9 =
(
−
√
3
6
,−
√
3
6
,−
√
3
6
,−
√
3
6
,−
√
3
6
,−
√
3
6
,
√
6
6
,
√
6
6
,
√
6
6
, 0
)
v10 =
(√
3
6
,
√
3
6
,−
√
3
6
,
√
3
6
,
√
3
6
,−
√
3
6
,−
√
6
6
,−
√
6
6
,
√
6
6
, 0
)
v11 =
(√
3
6
,−
√
3
6
,
√
3
6
,
√
3
6
,−
√
3
6
,
√
3
6
,−
√
6
6
,
√
6
6
,−
√
6
6
, 0
)
v12 =
(
−
√
3
6
,
√
3
6
,
√
3
6
,−
√
3
6
,
√
3
6
,
√
3
6
,
√
6
6
,−
√
6
6
,−
√
6
6
, 0
)
.
Suppose v is an element of X , and not among the first 12 points v1, . . . , v12. Then v must
satisfy either of the following conditions (1)–(3), or (1), (2), (3bis), according to whether or not
it belongs to the size 8 block containing v9. (Also, in what follows we assume that v is a unit
vector.)
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(1) v is of inner product − 12 with one of v1, v2, v3, v4 and of inner product 16 with the
remaining 3.
(2) v is of inner product − 12 with one of v5, v6, v7, v8 and of inner product 16 with the
remaining 3.
(3) v is of inner product − 12 with one of v9, v10, v11, v12 and of inner product 16 with the
remaining 3.
(3bis) v is of inner product 0 with all of v9, v10, v11, v12.
Now, we can see that there are 48 vectors v satisfying the Properties (1)–(3). Moreover, we
can see that there are 28 vectors v satisfying the Properties (1), (2) and (3bis).
So, the vectors of X must consist of 40 vectors, namely, 12 first vectors, 28 vectors satisfying
the Properties (1)–(3), and 4 vectors satisfying the Properties (1), (2) and (3bis). Although we
will not describe these vectors explicitly in this paper, they are available on the supplementary
web page [3]. Also, we can calculate the inner products between these 12+48+28 = 88 vectors
very explicitly in a table. This is again available on the supplementary web page [3]. We note
that all the inner products appearing in this table are among
0, 1,±2
3
,±1
6
,±1
3
,±1
2
,±
√
2
6
,−1
3
±
√
2
6
,
1
3
±
√
2
6
,
1
2
±
√
2
6
,−1
6
±
√
2
6
.
Using this table of the inner products, we can determine the 40 (=12 + 24 + 4) point subsets
in these 88 (=12 + 58 + 28) vectors satisfying the property that all the inner products between
the vectors in the subset are only in {1,− 13 , 0,− 12 , 16 }. Actually, there are only two such sets.
In fact the 48 vectors found above are divided into two 24 point sets, and each of the 24 point
sets together with the first 12 points, and some additional 4 points (in the 28 sets) form each of
the desired 40 point sets. The last 4 points in these two 40 point sets are the same. (The two
40 point sets were determined from the table of the inner products of the 88 (=12 + 58 + 28)
vectors by human inspection, as well as by an exhaustive enumeration using a computer.) We
will not describe these two 40 point sets explicitly here, but they are again available on the
supplementary web page [3]. Now, it is easy to see that one of these two sets of 40 vectors is
obtained from the other by changing the last (10th) coordinates to their negatives. That is, the
sets of these 40 vectors are transformed to each other by an orthogonal transformation. This
implies the uniqueness of the 40 point association scheme we are considering. 
3. Uniqueness of the class 3 association scheme of 64 points in R14
The 64 points association scheme which was found to be a candidate of universally optimal
spherical code inR14 by Ballinger, Cohn, Giansiracusa and Morris (2005) was, as it is mentioned
in Cohn [7], originally found by de Caen and van Dam [9]. First, we recall the definition of this
association scheme.
Let the point set X be the direct sum of two finite fields F8 of 8 elements. That is, X = F8×F8.
The relations Ri (1 ≤ i ≤ 3) are defined as follows:
Let (α, x) and (β, y) be two elements of X = F8 × F8. Then
((α, x), (β, y)) ∈ R0 if and only if α = β and x = y
((α, x), (β, y)) ∈ R1 if and only if α 6= β and x = y
((α, x), (β, y)) ∈ R2 if and only if x 6= y and either α+β = (x + y)3 or α+β = xy(x + y),
and
((α, x), (β, y)) ∈ R3 otherwise.
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Then the adjacency matrices Ai (1 ≤ i ≤ 3) satisfy the following relations, from which we
can read off the intersection numbers pki, j .
A21 = 7A0 + 6A1, A22 = 14A0 + 2A1 + 4A3,
A23 = 42A0 + 30A1 + 24A2 + 28A3 A1A2 = A2 + 2A3,
A1A3 = 6A2 + 5A3, A2A3 = 12A1 + 12A2 + 8A3.
Moreover, the first and second eigenmatrices P and Q are given as follows.
P = Q =

1 7 14 42
1 7 −2 −6
1 −1 −6 6
1 −1 2 −2
 .
Hence the association scheme is self-dual. Moreover we can represent the 64 points of X in
the unit sphere in R14. We can see that (α, x), (β, y) ∈ Ri (0 ≤ i ≤ 3) if and only if the
Euclidean inner products 〈(α, x), (β, y)〉 are 1,− 17 ,− 37 , 17 , respectively. In the following we use
the notation a = − 37 and b = 17 . Note that this 3 class association scheme is mentioned in van
Dam [10], where possible class 3 association schemes with at most 100 points are listed.
The purpose of this section is to prove the following:
Theorem 3.1. The 64 points class 3 association scheme in R14 described above is unique. (That
is, uniquely characterized by the parameters.)
In what follows, we assume that X is an association scheme (embedded in R14) which has the
same parameters as the class 3 association scheme described above.
Let us describe the 64 points of this association scheme by the unit vectors in R14. Since this
association scheme is imprimitive and of block size 8, we may assume that the Gram matrix of
these 64 points are in the following shape.
G = [Gi, j ] 1≤i≤8
1≤ j≤8
,
where each Gi, j is of size 8× 8. Moreover, the diagonal blocks satisfy Gi,i = I − 17 (J − I ) for
i = 1, . . . , 8, where I is the identity matrix and J is the matrix whose entries are all 1.
Proposition 3.2. Up to simultaneous permutations on rows and columns of G, we obtain that
G1,2 = G2,1 is one of the following shapes:
a a b b b b b b
a a b b b b b b
b b a a b b b b
b b a a b b b b
b b b b a a b b
b b b b a a b b
b b b b b b a a
b b b b b b a a

type (2–2–2–2)
,

a a b b b b b b
a a b b b b b b
b b a a b b b b
b b a a b b b b
b b b b a a b b
b b b b a b a b
b b b b b a b a
b b b b b b a a

type (2–2–4)
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a a b b b b b b
a a b b b b b b
b b a a b b b b
b b a b a b b b
b b b a a b b b
b b b b b a a b
b b b b b a b a
b b b b b b a a

type (2–3–3)

a a b b b b b b
a a b b b b b b
b b a a b b b b
b b a b a b b b
b b b a b a b b
b b b b a b a b
b b b b b a b a
b b b b b b a a

type (2–6)
a a b b b b b b
a b a b b b b b
b a b a b b b b
b b a b a b b b
b b b a a b b b
b b b b b a a b
b b b b b a b a
b b b b b b a a

type (3–5)

a a b b b b b b
a b a b b b b b
b a b a b b b b
b b a a b b b b
b b b b a a b b
b b b b a b a b
b b b b b a b a
b b b b b b a a

type (4–4)
a a b b b b b b
a b a b b b b b
b a b a b b b b
b b a b a b b b
b b b a b a b b
b b b b a b a b
b b b b b a b a
b b b b b b a a

type (8)
.
(Note that a = − 37 and b = 17 in the list given above.)
Proof of Proposition 3.2. Because of the shape of G1,1 and G2,2, the first 16 vectors vi , (1 ≤
i ≤ 16) satisfy (vi , v j ) ∈ R1 for any distinct i, j ∈ {1, . . . , 8}, and for any distinct i, j ∈
{9, . . . , 16}. Since p12,2 = 2, each one of the rows and columns of G1,2 = G2,1 must contain
exactly two a. It is easy to see that by simultaneous permutation of rows and columns of G that
G1,2 = G2,1 can be transformed to one of the above 7 types. 
Let M be the first 16 × 16 part of G, i.e., M =
[
G1,1 G1,2
G2,1 G2,2
]
. Since for each of the 7 types,
the matrix M is of rank ≤ 14, we can construct the first 16 vectors in R14 uniquely up to
orthogonal transformations. Moreover, because of the property of G1,1, the first 8 vectors form
a regular simplex on S7 ⊂ R8. Hence up to an orthogonal transformation, we may assume that
v1, . . . v8 ∈ R14 are given as follows:
v1 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
v2 =
(
−1
7
,
4
√
3
7
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0
)
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v3 =
(
−1
7
,−2
√
3
21
,
2
√
105
21
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0
)
v4 =
(
−1
7
,−2
√
3
21
,−2
√
105
105
,
4
√
70
35
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0
)
v5 =
(
−1
7
,−2
√
3
21
,−2
√
105
105
,−
√
70
35
,
√
42
7
, 0, 0, 0, 0, 0, 0, 0, 0, 0
)
v6 =
(
−1
7
,−2
√
3
21
,−2
√
105
105
,−
√
70
35
,−
√
42
21
,
4
√
21
21
, 0, 0, 0, 0, 0, 0, 0, 0
)
v7 =
(
−1
7
,−2
√
3
21
,−2
√
105
105
,−
√
70
35
,−
√
42
21
,−2
√
21
21
,
2
√
7
7
, 0, 0, 0, 0, 0, 0, 0
)
v8 =
(
−1
7
,−2
√
3
21
,−2
√
105
105
,−
√
70
35
,−
√
42
21
,−2
√
21
21
,−2
√
7
7
, 0, 0, 0, 0, 0, 0, 0
)
.
Now, we consider the 7 cases in Proposition 3.2 separately.
Type (8)
In this case M is of rank 14. Therefore, up to orthogonal transformation, v9, . . . , v16 are given by
v9 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,
2√
7
, 0, 0, 0, 0, 0, 0
)
v10 =
(
−3
7
,
√
3
21
,−
√
105
21
, 0, 0, 0, 0,− 1√
7
,
√
21
7
, 0, 0, 0, 0, 0
)
v11 =
(
1
7
,−5
√
3
21
,
1√
105
,−2
√
70
35
, 0, 0, 0,− 1√
7
,− 1√
21
,
2
√
42
21
, 0, 0, 0, 0
)
v12 =
(
1
7
,
2
√
3
21
,− 4√
105
,
1√
70
,−
√
42
14
, 0, 0, 0,− 2√
21
,− 1√
42
,
√
70
14
, 0, 0, 0
)
v13 =
(
1
7
,
2
√
3
21
,
2√
105
,− 3√
70
,
1√
42
,− 2√
21
, 0, 0, 0,−
√
42
14
,− 1√
70
,
2
√
105
35
, 0, 0
)
v14 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,−
√
42
21
,
1√
21
,− 1√
7
, 0, 0, 0,−2
√
70
35
,− 1√
105
,
1√
3
, 0
)
v15 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,− 1√
21
,
1√
7
, 0, 0, 0, 0,−
√
105
21
,−
√
3
21
,
4
7
)
v16 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,
2√
21
, 0, 0, 0, 0, 0, 0,−2
√
3
7
,−4
7
)
.
Then any vector v ∈ X must satisfy the following conditions (1)–(5):
(1) |{i | 〈vi , v〉 = − 37 , 1 ≤ i ≤ 8}| = 2,
(2) |{i | 〈vi , v〉 = 17 , 1 ≤ i ≤ 8}| = 6
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(3) |{i | 〈vi , v〉 = − 37 , 9 ≤ i ≤ 16}| = 2
(4) |{i | 〈vi , v〉 = 17 , 9 ≤ i ≤ 16}| = 6
(5) 〈v, v〉 = 1.
There are exactly 64 vectors, including the first 16 vectors v1 to v16, which satisfy the above
conditions. (This list of 64 vectors is available on the supplementary web page [3].) However
some inner products between them are not in {1,− 17 ,− 37 , 17 }. Hence this case does not occur.
Type (3–5)
In this case M is of rank 13. Therefore, up to orthogonal transformation, v9, . . . , v16 are given by
v9 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,
2√
7
, 0, 0, 0, 0, 0, 0
)
v10 =
(
−3
7
,
√
3
21
,−
√
105
21
, 0, 0, 0, 0,− 1√
7
,
√
21
7
, 0, 0, 0, 0, 0
)
v11 =
(
1
7
,−5
√
3
21
,
1√
105
,−2
√
70
35
, 0, 0, 0,− 1√
7
,− 1√
21
,
2
√
42
21
, 0, 0, 0, 0
)
v12 =
(
1
7
,
2
√
3
21
,− 4√
105
,
1√
70
,−
√
42
14
, 0, 0, 0,− 2√
21
,− 1√
42
,
√
70
14
, 0, 0, 0
)
v13 =
(
1
7
,
2
√
3
21
,
2√
105
,− 3√
70
,−
√
42
14
, 0, 0, 0, 0,−
√
42
14
,−
√
70
14
, 0, 0, 0
)
v14 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,− 1√
21
,− 1√
7
, 0, 0, 0, 0,
2√
7
, 0, 0
)
v15 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,− 1√
21
,
1√
7
, 0, 0, 0, 0,− 1√
7
,
√
21
7
, 0
)
v16 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,
2√
21
, 0, 0, 0, 0, 0,− 1√
7
,−
√
21
7
, 0
)
.
Then any vector v ∈ X must satisfy the conditions (1)–(5) given before. However there exists no
such vector. Hence this case does not occur.
Type (2–6)
In this case M is of rank 13. Therefore, up to orthogonal transformation, v9, . . . , v16 are given by
v9 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,
2√
7
, 0, 0, 0, 0, 0, 0
)
v10 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,− 2√
7
, 0, 0, 0, 0, 0, 0
)
v11 =
(
1
7
,
2
√
3
21
,− 4√
105
,−2
√
70
35
, 0, 0, 0, 0,
2√
7
, 0, 0, 0, 0, 0
)
v12 =
(
1
7
,
2
√
3
21
,− 4√
105
,
1√
70
,−
√
42
14
, 0, 0, 0,− 1√
7
,
√
21
7
, 0, 0, 0, 0
)
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v13 =
(
1
7
,
2
√
3
21
,
2√
105
,− 3√
70
,
1√
42
,− 2√
21
, 0, 0,− 1√
7
,− 1√
21
,
2
√
42
21
, 0, 0, 0
)
v14 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,−
√
42
21
,
1√
21
,− 1√
7
, 0, 0,− 2√
21
,− 1√
42
,
√
70
14
, 0, 0
)
v15 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,− 1√
21
,
1√
7
, 0, 0, 0,−
√
42
14
,− 1√
70
,
2
√
105
35
, 0
)
v16 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,
2√
21
, 0, 0, 0, 0, 0,−2
√
70
35
,−2
√
105
35
, 0
)
.
There exist exactly 160 vectors, including the first 16 vectors, which satisfy the conditions (1)–(5)
given before. (The list of these 160 vectors is available on the supplementary web page.) However
it is shown that there is no 64 point set (which includes the first 16 vectors) satisfying the
condition that all the inner products between them are in {1,− 17 ,− 37 , 17 }. Hence this case does
not occur.
Type (4–4)
In this case M is of rank 13. Therefore, up to orthogonal transformation, v9, . . . , v16 are given by
v9 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,
2√
7
, 0, 0, 0, 0, 0, 0
)
v10 =
(
−3
7
,
√
3
21
,−
√
105
21
, 0, 0, 0, 0,− 1√
7
,
√
21
7
, 0, 0, 0, 0, 0
)
v11 =
(
1
7
,−5
√
3
21
,
1√
105
,−2
√
70
35
, 0, 0, 0,− 1√
7
,− 1√
21
,
2
√
42
21
, 0, 0, 0, 0
)
v12 =
(
1
7
,
2
√
3
21
,− 4√
105
,−2
√
70
35
, 0, 0, 0, 0,− 2√
21
,−2
√
42
21
, 0, 0, 0, 0
)
v13 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,−
√
42
21
,− 2√
21
, 0, 0, 0, 0,
2√
7
, 0, 0, 0
)
v14 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,−
√
42
21
,
1√
21
,− 1√
7
, 0, 0, 0,− 1√
7
,
√
21
7
, 0, 0
)
v15 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,− 1√
21
,
1√
7
, 0, 0, 0,− 1√
7
,− 1√
21
,
2
√
42
21
, 0
)
v16 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,
2√
21
, 0, 0, 0, 0, 0,− 2√
21
,−2
√
42
21
, 0
)
.
There exist exactly 192 vectors, including the first 16 vectors, which satisfy the conditions (1)–(5)
given before. However the set of 192 vectors does not contain a set of 64 vectors (which includes
the first 16 vectors) satisfying the condition that all the inner products between them are in
{1,− 17 ,− 37 , 17 }. Hence this case does not occur.
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Type (2–3–3)
In this case M is of rank 12. Therefore, up to orthogonal transformation, v9, . . . , v16 are given by
v9 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,
2√
7
, 0, 0, 0, 0, 0, 0
)
v10 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,− 2√
7
, 0, 0, 0, 0, 0, 0
)
v11 =
(
1
7
,
2
√
3
21
,− 4√
105
,−2
√
70
35
, 0, 0, 0, 0,
2√
7
, 0, 0, 0, 0, 0
)
v12 =
(
1
7
,
2
√
3
21
,− 4√
105
,
1√
70
,−
√
42
14
, 0, 0, 0,− 1√
7
,
√
21
7
, 0, 0, 0, 0
)
v13 =
(
1
7
,
2
√
3
21
,
2√
105
,− 3√
70
,−
√
42
14
, 0, 0, 0,− 1√
7
,−
√
21
7
, 0, 0, 0, 0
)
v14 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,− 1√
21
,− 1√
7
, 0, 0, 0,
2√
7
, 0, 0, 0
)
v15 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,− 1√
21
,
1√
7
, 0, 0, 0,− 1√
7
,
√
21
7
, 0, 0
)
v16 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,
2√
21
, 0, 0, 0, 0,− 1√
7
,−
√
21
7
, 0, 0
)
There must exist a vector v ∈ X satisfying 〈v, v1〉 = 〈v, v5〉 = − 37 , and the conditions (1)–(5)
given before. But we can show that there exists no such vector. Hence this case does not occur.
Type (2–2–4)
In this case M is of rank 12. Therefore up to orthogonal transformation v9, . . . , v16 are given by
v9 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,
2√
7
, 0, 0, 0, 0, 0, 0
)
v10 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,− 2√
7
, 0, 0, 0, 0, 0, 0
)
v11 =
(
1
7
,
2
√
3
21
,− 4√
105
,−2
√
70
35
, 0, 0, 0, 0,
2√
7
, 0, 0, 0, 0, 0
)
v12 =
(
1
7
,
2
√
3
21
,− 4√
105
,−2
√
70
35
, 0, 0, 0, 0,− 2√
7
, 0, 0, 0, 0, 0
)
v13 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,−
√
42
21
,− 2√
21
, 0, 0, 0,
2√
7
, 0, 0, 0, 0
)
v14 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,−
√
42
21
,
1√
21
,− 1√
7
, 0, 0,− 1√
7
,
√
21
7
, 0, 0, 0
)
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v15 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,− 1√
21
,
1√
7
, 0, 0,− 1√
7
,− 1√
21
,
2
√
42
21
, 0, 0
)
v16 =
(
1
7
,
2
√
3
21
,
2√
105
,
√
70
35
,
√
42
21
,
2√
21
, 0, 0, 0, 0,− 2√
21
,−2
√
42
21
, 0, 0
)
.
Then there must exist a vector v ∈ X satisfying 〈v, v1〉 = 〈v, v7〉 = − 37 and the conditions
(1)–(5). There are exactly eight such vectors which are given below.
u1 =
(
−3
7
,
√
3
21
,
1√
105
,
1√
70
,
1√
42
,
1√
21
,− 1√
7
, 0,− 1√
7
,− 1√
7
,− 1√
21
,
1√
42
,
√
42
14
, 0
)
u2 =
(
−3
7
,
√
3
21
,
1√
105
,
1√
70
,
1√
42
,
1√
21
,− 1√
7
, 0,− 1√
7
,− 1√
7
,− 1√
21
,
1√
42
,−
√
42
14
, 0
)
u3 =
(
−3
7
,
√
3
21
,
1√
105
,
1√
70
,
1√
42
,
1√
21
,− 1√
7
, 0,− 1√
7
,
1√
7
,
1√
21
,− 1√
42
,
√
42
14
, 0
)
u4 =
(
−3
7
,
√
3
21
,
1√
105
,
1√
70
,
1√
42
,
1√
21
,− 1√
7
, 0,− 1√
7
,
1√
7
,
1√
21
,− 1√
42
,−
√
42
14
, 0
)
u5 =
(
−3
7
,
√
3
21
,
1√
105
,
1√
70
,
1√
42
,
1√
21
,− 1√
7
, 0,
1√
7
,− 1√
7
,− 1√
21
,
1√
42
,
√
42
14
, 0
)
u6 =
(
−3
7
,
√
3
21
,
1√
105
,
1√
70
,
1√
42
,
1√
21
,− 1√
7
, 0,
1√
7
,− 1√
7
,− 1√
21
,
1√
42
,−
√
42
14
, 0
)
u7 =
(
−3
7
,
√
3
21
,
1√
105
,
1√
70
,
1√
42
,
1√
21
,− 1√
7
, 0,
1√
7
,
1√
7
,
1√
21
,− 1√
42
,
√
42
14
, 0
)
u8 =
(
−3
7
,
√
3
21
,
1√
105
,
1√
70
,
1√
42
,
1√
21
,− 1√
7
, 0,
1√
7
,
1√
7
,
1√
21
,− 1√
42
,−
√
42
14
, 0
)
.
Then by reordering the vectors in X if necessary, we see that one of the following two cases
must hold:
(i) {v1, . . . , v16, v17 = u1} ⊂ X , (ii) {v1, . . . , v16, v17 = u2} ⊂ X .
Then the first 17× 17 block M ′i of G is of the following shape M ′i =
[
M t ai
ai 1
]
, where
a1 = (a, b, b, b, b, b, a, b, b, b, a, b, a, b, b, b) for case (i),
a2 = (a, b, b, b, b, b, a, b, b, b, a, b, b, b, a, b) for case (ii).
In both cases (i) and (ii), the rank of M ′ is 13.
Thus we have seen that there are 2 types for the first 17 vectors. In both cases, every vector
v ∈ X must satisfy the conditions (1)–(5) given before and (6) given below:
(6) 〈v, v17〉 ∈ {− 17 ,− 37 , 17 }.
There exist exactly 264 vectors (which includes the first 16 vectors) which satisfy the desired
conditions. However for both cases the set of 264 vectors does not contain a set of 64 vectors
(which includes the first 16 vectors) satisfying the condition that all the inner products between
them are in {1,− 17 ,− 37 , 17 }. Hence this case does not occur.
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Type (2–2–2–2)
In this case M is of rank 11. Therefore, up to orthogonal transformation, v9, . . . , v16 are given by
v9 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,
2
√
7
7
, 0, 0, 0, 0, 0, 0
)
v10 =
(
−3
7
,−2
√
3
7
, 0, 0, 0, 0, 0,−2
√
7
7
, 0, 0, 0, 0, 0, 0
)
v11 =
(
1
7
,
2
√
3
21
,−4
√
105
105
,−2
√
70
35
, 0, 0, 0, 0,
2
√
7
7
, 0, 0, 0, 0, 0
)
v12 =
(
1
7
,
2
√
3
21
,−4
√
105
105
,−2
√
70
35
, 0, 0, 0, 0,−2
√
7
7
, 0, 0, 0, 0, 0
)
v13 =
(
1
7
,
2
√
3
21
,
2
√
105
105
,
√
70
35
,−
√
42
21
,−2
√
21
21
, 0, 0, 0,
2
√
7
7
, 0, 0, 0, 0
)
v14 =
(
1
7
,
2
√
3
21
,
2
√
105
105
,
√
70
35
,−
√
42
21
,−2
√
21
21
, 0, 0, 0,−2
√
7
7
, 0, 0, 0, 0
)
v15 =
(
1
7
,
2
√
3
21
,
2
√
105
105
,
√
70
35
,
√
42
21
,
2
√
21
21
, 0, 0, 0, 0,
2
√
7
7
, 0, 0, 0
)
v16 =
(
1
7
,
2
√
3
21
,
2
√
105
105
,
√
70
35
,
√
42
21
,
2
√
21
21
, 0, 0, 0, 0,−2
√
7
7
, 0, 0, 0
)
.
Since p02,2 = 14 and p12,2 = 2, there must exist a vector v satisfying 〈v, vi 〉 = − 37 for
i = 1, 4 and 〈v, vi 〉 = 17 for 1 ≤ i ≤ 8 with i 6= 1, 4 and the conditions (1)–(5). Up to
orthogonal transformations there exist only 4 vectors u1, . . . ,u4, given below, satisfying the
above conditions.
u1 =
(
−3
7
,
√
3
21
,
√
105
105
,−2
√
70
35
, 0, 0, 0, 0, 0,−
√
7
7
,−
√
7
7
,
√
14
7
, 0, 0
)
,
u2 =
(
−3
7
,
√
3
21
,
√
105
105
,−2
√
70
35
, 0, 0, 0, 0, 0,−
√
7
7
,
√
7
7
,
√
14
7
, 0, 0
)
,
u3 =
(
−3
7
,
√
3
21
,
√
105
105
,−2
√
70
35
, 0, 0, 0, 0, 0,
√
7
7
,
√
7
7
,
√
14
7
, 0, 0
)
,
u4 =
(
−3
7
,
√
3
21
,
√
105
105
,−2
√
70
35
, 0, 0, 0, 0, 0,
√
7
7
,−
√
7
7
,
√
14
7
, 0, 0
)
.
Then, one of the following 4 cases must hold:
(i) X1 = {v1, . . . , v16, v17 = u1} ⊂ X , (ii) X2 = {v1, . . . , v16, v17 = u2} ⊂ X , (iii) X3
= {v1, . . . , v16, v17 = u3} ⊂ X , (iv) X4 = {v1, . . . , v16, v17 = u4} ⊂ X . LetGi , i = 1, 2, 3, 4,
E. Bannai et al. / European Journal of Combinatorics 29 (2008) 1379–1395 1393
be the Gram matrices of the 64 points in X for the cases (i), (ii), (iii) and (iv) respectively. Then
the first 17× 17 block G ′i of Gi is of the following shape:
G ′i =
[
M t ai
ai 1
]
,
where
a1 = (a, b, b, a, b, b, b, b, b, b, b, b, a, b, a, b),
a2 = (a, b, b, a, b, b, b, b, b, b, b, b, a, b, b, a),
a3 = (a, b, b, a, b, b, b, b, b, b, b, b, b, a, b, a),
a4 = (a, b, b, a, b, b, b, b, b, b, b, b, b, a, a, b).
Then we can show that by a simultaneous permutation on the rows and columns we can transform
G2,G3,G4 to G1. Therefore we may assume that case (i) holds without loss of generality.
Now we let v17 = u1. Since p11,1 = 6, p12,2 = 2 and p02,2 = 14, the number of vectors v
satisfying the following conditions is 2:
〈v, vi 〉 = 17 for i = 1, . . . , 4,∣∣∣∣{i | 〈v, vi 〉 = 17 , 5 ≤ i ≤ 8
}∣∣∣∣ = 2,∣∣∣∣{i | 〈v, vi 〉 = −37 , 5 ≤ i ≤ 8
}∣∣∣∣ = 2,
〈v, v17〉 − 17 .
Then, by reordering the vectors in X , if necessary, we may assume that there exists a vector
v ∈ X satisfying 〈v, vi 〉 = 17 for i = 1, . . . , 4, 〈v, vi 〉 = 17 for i = 6, 7, 〈v, vi 〉 = − 37 for i = 5, 8
and 〈v, v17〉 = − 17 . Then, up to orthogonal transformations there exist exactly 4 such vectors,
u5, . . . ,u8 which are given below.
u5 =
(
1
7
,
2
√
3
21
,
2
√
105
105
,
√
70
35
,−
√
42
21
,
√
21
21
,
√
7
7
,−
√
7
7
,
√
7
7
, 0, 0, 0,
√
14
7
, 0
)
u6 =
(
1
7
,
2
√
3
21
,
2
√
105
105
,
√
70
35
,−
√
42
21
,
√
21
21
,
√
7
7
,−
√
7
7
,−
√
7
7
, 0, 0, 0,
√
14
7
, 0
)
u7 =
(
1
7
,
2
√
3
21
,
2
√
105
105
,
√
70
35
,−
√
42
21
,
√
21
21
,
√
7
7
,
√
7
7
,−
√
7
7
, 0, 0, 0,
√
14
7
, 0
)
,
u8 =
(
1
7
,
2
√
3
21
,
2
√
105
105
,
√
70
35
,−
√
42
21
,
√
21
21
,
√
7
7
,
√
7
7
,
√
7
7
, 0, 0, 0,
√
14
7
, 0
)
.
Thus we have the following 4 cases (1, 5), . . . , (1, 8):
(1, j) {v1, . . . , v17, v18 = u j } ⊂ X , for j = 5, 6, 7, 8. Let G1,5, . . . ,G1,8 be the Gram matrix
of the 64 vectors in X for the case (1, 5), . . . , (1, 8) respectively. Let G ′1,5, . . . ,G ′1,8 be the first
18× 18 blocks of G1,5, . . . ,G1,8 respectively. Then
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G ′1, j =

M t a1 t a j
a1 1 −17
a j −17 1

for j = 5, . . . , 8 where
a1 = (a, b, b, a, b, b, b, b, b, b, b, b, a, b, a, b) (given before),
a5 = (b, b, b, b, a, b, b, a, a, b, b, a, b, b, b, b),
a6 = (b, b, b, b, a, b, b, a, a, b, a, b, b, b, b, b),
a7 = (b, b, b, b, a, b, b, a, b, a, a, b, b, b, b, b),
a8 = (b, b, b, b, a, b, b, a, b, a, b, a, b, b, b, b).
Then, by simultaneous permutations on rows and columns, we can transform G1,6,G1,7,G1,8
to G1,5. Hence, we may assume, without loss of generality, the Gram matrix of vectors in X
is equal to G1,5. Thus, up to an orthogonal transformation, we may assume that X contains
{v1, . . . , v17, v18 = u5}. Since the rank of G ′1,5 is 13, we can determine the vector v satisfying
the conditions (1)–(5) given before, and the following condition:
(6bis) 〈v, v17〉 and 〈v, v18〉 are in {1,− 37 ,± 17 }.
It is shown that there are 536 such vectors including the first 18 vectors. (The list of these 536
vectors is available on the supplementary web page [3]. The table of inner products among these
536 vectors is also available.) Then it is shown, by an exhaustive enumeration using a computer,
that in these 536 vectors there are only four 64 point subsets containing the first 18 vectors and
whose mutual inner products are all in {1,− 37 ,± 17 }.
They are listed as follows. (Note that the vectors are listed from 0 to 535, instead of 1 to 536.
Also note that the first 0 to 17 are not listed.)
22 35 40 109 110 115 285 292 296 301 306 309 312 315 319 324
421 425 430 434 438 439 446 447 453 455 462 465 468 474 475 480
484 487 490 495 500 505 508 511 514 521 523 528 531 534
22 35 40 109 110 115 286 291 295 302 305 310 311 316 319 324
421 424 431 434 437 440 445 448 453 456 461 466 467 473 476 480
485 486 491 494 501 504 509 510 515 520 522 529 531 534
22 35 40 109 110 115 287 290 298 299 304 307 314 317 320 323
422 426 429 433 436 441 443 450 452 458 459 464 469 471 478 481
482 489 492 497 498 503 507 512 517 518 524 527 530 535
22 35 40 109 110 115 288 289 297 300 303 308 313 318 320 323
422 427 428 433 435 442 444 449 452 457 460 463 470 472 477 481
483 488 493 496 499 502 506 513 516 519 525 526 530 535
We name these 64 point subsets as Y1, Y2, Z1, and Z2. It is easy to see that Y1 and Y2 are obtained
from each other by multiplying the last (14th) coordinate by−1. Therefore, Y1 and Y2 are moved
by an orthogonal transformation. The same is true for Z1 and Z2.
Finally, it is shown by using Nauty [12] that the two graphs (regular graphs of valency 14)
corresponding to the relation R2 of the association schemes Y1 and Z1 are isomorphic as graphs.
This in turn implies the fact that these two association schemes are isomorphic as association
schemes, as
A22 = 14A0 + 2A1 + 4A3.
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(That is, the relation R2 determines the other relations.)
This isomorphism is described explicitly on the supplementary web page [3]. This finally
concludes that the Gram matrix of the association scheme X is determined uniquely up to
orthogonal transformation, and this completes the proof of Theorem 3.1.
Remarks. The 4 class association scheme on 40 points is obtained as the permutation group
24 : S5 acting on the cosets of the subgroup 2 · S4 (nonsplit extension). The 3 class association
scheme on 64 points is obtained as the permutation group 43 : (2 × L3(2)) acting on the cosets
of the subgroup (2 × L3(2)). The authors thank Kanat Abdukhalikov for providing these and
further group theoretical informations by using GAP. The authors also thank Matan Ziv-Av and
Mikhail Klin for providing us wwith similar and further information, also mainly by using GAP.
Robert L. Griess, Jr. gave a construction of the 4 class association scheme of 64 points from
the Barnes-Wall lattice. The following preprint contains a wealth of interesting information.
Robert L. Griess, Jr.: Few-cosine spherical codes and Barnes-Wall lattices, (preprint, April
2006).
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